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Abstract
We show how optical spectra in dense plasmas are determined by the shift of energy levels as
well as the broadening owing to collisions with the plasma particles. In lowest approximation, the
interaction with the plasma particles is described by the RPA dielectric function, leading to the
Debye shift of the continuum edge. The bound states remain nearly un-shifted, their broadening
is calculated in Born approximation. The role of ionization potential depression as well as the
Inglis-Teller effect are shown. The model calculations have to be improved going beyond the
lowest (RPA) approximation when applying to WDM spectra.
1 Introduction
Optical properties of dense plasmas have become of increasing interest with new experimental facilities
exploring warm dense matter (WDM) and materials in the high-energy density regime. Producing
plasmas in the region of condensed matter densities and temperatures in the keV region, many-body
effects such as the dissolution of bound states owing to the Mott effect and the ionization potential
depression (IPD) are within reach. New experiments [1, 2, 3] are devoted to explore these effects
which are essential for the ionization degree and the composition of high-energy density matter [4].
Recently, there has been an intense discussion concerning bound state energies which are modified
by the surrounding plasma. In particular, experiments can not be described by traditional simple
expressions for the IPD [5]. A new quantum statistical approach has been worked out [6] which
provides a better agreement with experimental data. The shift of the continuum edge is determined
by the single-particle self-energy (SE), and it has been shown that this is related to the dynamical
structure factor. In particular, the ion-ion structure factor is essential for the evaluation of the IPD.
Because the experimental observations are mainly related to the optical spectra, this is only an
indirect observation of the IPD. Optical spectra are not only determined by the position of the energy
levels of the radiator modified by the plasma surrounding, but also by the broadening produced
by collisions. The broadening of spectral lines leads to the Inglis-Teller effect (ITE) [7], the peak
structures of the optical spectra which are interpreted as spectral lines due to transitions between
bound states are washed out. If the overlap between neighbored lines is sufficiently large, they are no
longer visible as separate in the optical spectra.
For the interpretation of the disappearance of spectral lines at increasing plasma density there are
two accepted but controversial scenarios. Firstly, the IPD becomes sufficiently large so that the bound
state shifts into the continuum and disappears. Secondly, the ITE means that separate lines merge
due to broadening so that peak structures are washed out. We consider a more fundamental approach
where many-particle effects for optical spectra are treated in a systematic way. Within this approach,
both IPD and ITE are following from the SE. The real part of the SE describes energy shifts (IPD),
whereas its imaginary part is related to line broadening (ITE).
2 Medium modifications
The optical properties in a medium are determined via the absorption coefficient α(ω), which is related
to transversal part of the dielectric function (DF)
n(ω) + ic α(ω)/ω = lim
q→0
√
tr(q, ω), (1)
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where c is the speed of light in the vacuum and n(ω) denotes the refraction index. In the long
wavelength limit, both the transversal and longitudinal part of the DF (q, ω) are identical, i.e.
tr(q, ω) = long(q, ω). In addition, the longitudinal DF long(q, ω) is determined by the polarization
function Π(q, ω)
long(q, ω) = 1− e
2
ε0q2
Π(q, ω). (2)
The polarization function Π(q, ω) can be evaluated systematically using thermodynamic Green’s func-
tions and Feynman’s diagrams. Subsequently, a systematic many-particle approach to the optical
spectra of dense plasmas is given by the polarization function Π(q, ω) in the long wavelength limit.
To obtain the line spectra, a cluster decomposition of the polarization function has to be performed
[8, 9],
Π(q, ω) = Π1(q, ω) + Π2(q, ω) + · · · , (3)
which represent the one-particle Π1(q, ω) (single-particle states), two-particle contribution Π2(q, ω)
(two-particle states) and so on. Hence we consider the process XZ+ → X(Z+1)+ + e− replacing the
Z-fold charged ion (also including neutral atoms for Z = 0) by a two-particle problem, the (Z + 1)
core ion plus the electron.
We consider the interaction with the plasma in the lowest approximation, i.e. the random phase
approximation (RPA). The two-particle propagator in Π2 is modified by a two-particle SE. The corre-
sponding effective equation of motion is denoted as the Bethe-Salpeter equation which reads [6, 8, 10][
E(1) + E(2) +
∑
q
[f(1 + q) + f(2− q)]V12(q) + ∆V eff(1, 2,q, z)
]
ψ(1, 2, z)
+
∑
q
{
[1−f(1)−f(2)]V12(q) + ∆V eff(1, 2,q, z)
}
ψ(1 + q, 2− q, z) = ~z ψ(1, 2, z). (4)
Here, the single particle states 1 = {~p1, σ1, c1} are given by momentum, spin and species, respectively,
E(1) = ~2p21/(2m1). In the case considered here c1 denotes the electron, charge number Ze = −1,
and c2 the core ion. For the interaction we assume the Coulomb potential V12(q) = Zc1Zc2e
2/(ε0q
2).
z is a complex variable following from the analytical continuation of the functions, defined for the
Matsubara frequencies, into the entire z plane. Of interest is the behavior of the functions near the
real axis, z = ω ± i.
The in-medium Schro¨dinger equation (4) describes the influence of the medium by two effects, Pauli
blocking and screening. Pauli blocking arises from the fact that states which already are occupied
by the medium are blocked. The blocking is described by the Fermi distribution function f(1) =
[exp(β(E(1)− µ(1)) + 1]−1 in Eq. (4), with β = 1/(kBT ) and µ(1) denoting the chemical potential of
species c1. Screening of the interaction by the medium is described by the effective interaction
∆V eff(1, 2,q, z) = −V12(q)
∫ ∞
−∞
dω′
pi
Im ε−1(q, ω′ + i0) [nB(ω
′) + 1]
×
(
~
~z − ~ω′ − E(1)− E(2− q) +
~
~z − ~ω′ − E(1 + q)− E(2)
)
. (5)
Including the effective potential, the effective Hamiltonian in the in-medium Schro¨dinger equation
(4) becomes complex and frequency dependent. This equation can be solved numerically [11], where
both, real part and imaginary part of the energy levels of the in-medium two-particle problem, can
be calculated. In other words, the energy levels are shifted by the polarization of the medium and are
also broadened by collisions with the plasma particles which leads to a finite life time of the energy
levels. From Eq. (4), bound states are found at negative energies, whereas a continuum of scattering
states is observed at positive energies with negative continuum edges.
The remaining task is to determine the DF ε(q, z) in the effective potential, i.e. Eq. (5). A standard
expression for the DF ε(q, z) is the RPA DF. In the present work, we will use the RPA DF to calculate
the IPD and the spectral lines in plasmas. Within this simplest approximation, we provide an insight
to the explanation of the question how the ITE and the IPD can be systematically and consistently
described within a unified theory.
2
2.1 Shift of single particle states
The definition of free states is generally described via Ep = ~2p2/(2mc) for the atomic species c with
the wavenumber p. In a medium the interaction between particles must be considered. Consequently,
the definition of free states has to be modified by taking into account the interaction potential V (r→
∞). Within the framework of Green’s function technique, the shift of the continuum edge is assumed
to occur at p1 = p2 = 0 in Eq. (5). Consequently, the influence of the surrounding plasmas is
described by [6]
Σcorrc (p, ω) =
∑
q
∆V eff(p,−p,q, ω) = −
∑
q
∫
dω′
pi
Vcc(q)
{1 + n
B
(ω′)} Im ε−1(q, ω′ + i0)
ω − ω′ − Ec,p+q/~ . (6)
The shift of the continuum lowering is then given by the real part of this expression (6). Following
the theory in Ref. [6], the imaginary part of the inverse DF in Eq. (6) can be expressed via the
dynamical structure factors according to the fluctuation-dissipation theorem. Considering only the
ionic contribution to the continuum lowering, the shift of the continuum edge is obtained
∆ion−ionc (0, ω)− P
∫
d3q
(2pi)3
∫
dω′
pi
Vcc(q)
ω − ω′ − Ec,q/~
piZie
2 ne
~0 q2
SZZii (q, ω
′), (7)
where SZZii (q, ω
′) is the effective ion structure factor which includes the screening cloud formed by the
slowly moving electrons following the ionic motion [6, 12]. In the classical limit (~ω = ~p2/(2mion) = 0)
and plasmon pole approximation, the IPD is determined by the difference between the SE before and
that after the ionization of the investigated system, i.e., ∆ion−ion
IPD
= ∆ion−ioni − (∆ion−ione + ∆ion−ioni+1 ).
Then we have for the IPD
∆ion−ion
IPD
= − (Z + 1)e
2
2pi20rWS
· 3Γi√
(9pi/4)2/3 + 3Γi
·
∫ ∞
0
dq0
q20
SZZii (q0), (8)
where q0 = q/
(
3pi2ni
)1/3
is the reduced wavenumber. Γi = Z
2e2/(4pi0kBTrWS) is the ionic coupling
parameter with the Wigner-Seitz radius rWS = (4pini/3)
−1/3.
2.2 Shift of two-particle states
To investigate the optical spectra within the quantum statistical approach, we should return to the
two-particle problem, which is described by the atomic polarization function Π2 in Eq. (3). The
pressure-broadened line profile is then given by [13, 14]
L(ω) =
∑
ii′ff ′
ω4
8pi3 c3
e
− ~ωkBT 〈i|r|f〉〈f ′|r|i′〉 · 〈i′|〈f ′| [~ω − ~ωif − Σif (ω) + iΓvif ]−1 |i〉|f〉 (9)
with the SE for the initial i and final f states
Σif (ω) = Re {Σi(ω)− Σf (ω)}+ iIm {Σi(ω) + Σf (ω)} (10)
and the vertex correction
Γvif = −
∫
d3p
(2pi)3
∫
d3q
(2pi)3
fe(Ep)V
2(q)M0ii(q)M
0
ff (−q) δ
(
~2p · q
me
)
(11)
where the unperturbed transition matrix elements are given by [14]
M0nα(q) = i
{
Zδnα −
∫
d3r ψ∗n(r) e
iq·r ψα(r)
}
. (12)
Evidently, the shift of transition energy is given by the difference of real parts of the SE for the initial i
and final f states, whereas the broadening of spectral lines is determined by the imaginary parts of the
3
SE for the initial i and final f states as well as the vertex correction Γvif . Because of different dynam-
ical time scales of ions and electrons, the electronic contribution is usually calculated in the impact
approximation and the ionic contribution is described within the quasi-static approximation [13, 15].
Introducing the microfield ansatz [13], the total SE Σn(ω, F ) can be approximately decomposed
into a frequency-independent ionic part determined by the microfield strength F and an only frequency-
dependent electronic part. In this work, we deal with the problem in a different way by treating the
plasma electrons and ions at the same level, i.e. directly via the DF. The RPA DF for the non-
degenerate case reads [8, 16]
RPA(q, ω) = 1 +
K
2Q3
{√
2
[
D(x+1 )−D(x−1 )
]
+
√
2/γ
[
D(x+2 )−D(x−2 )
]
−i
{√
pi/2
[
e−(x
+
1 )
2 − e−(x−1 )2
]
+
√
pi/(2γ)
[
e−(x
+
2 )
2 − e−(x−2 )2
]}}
(13)
with the abbreviations
Q =
~q
(me kBT)
1/2
, K =
(1 + z2)~2nee2
me ε0 (kBT)2
, γ =
me
mion
x±1 =
√
1
2
[
ω
q
(
me
kBT
)
± Q
2
]
, x±2 =
√
1
2γ
[
ω
q
(
me
kBT
)
± γQ
2
]
, (14)
where D(x) = exp
(−x2) ∫ x
0
dt exp
(−t2) is the Dawson integral. Inserting this expression into the
Eq. (6), an expression for the IPD can be obtained, which is the Debye shift for the IPD in the low
density case and is equivalent to the expression (8). Instead of starting from Eq. (4), we calculate the
SE of bound two-particle states with the following expression [9, 13]
Σn(ω) =
∫
d3q
(2pi~)3
V (q)
∑
α
∣∣M0nα(q)∣∣2 ∫ ∞
−∞
dω
pi
[1 + n
B
(ω)] · Im −1RPA(q, ω + i0)
En − Eα − (~ω + i0) , (15)
which is the SE in dynamically screened Born approximation with the RPA DF. Accounting for the
thermal motion of the plasma ions, which results in the Doppler broadening, the full line profile is
given by a convolution [15]
Itotal(∆ω) =
c
ω0
√
mion
2pikBT
∫ ∞
−∞
d∆ω′ · Ipr(∆ω′) · exp
{
−mionc
2
2kBT
(
∆ω −∆ω′
ω0 + ∆ω′
)2}
. (16)
3 Results and discussion
The interaction of a radiating particles with the plasma environment results in both shift and broad-
ening of the eigenlevels of a two-particle state. At first, we concentrate on the shifts of both the
bound states and the free states. In the present work, we calculate the IPD and the shift of bound
states via Eq. (8) and Eq. (15), respectively. Comparison of our results for the transition energies and
bound-free threshold energies and the results predicted by other theoretical approaches is shown is
Fig. 1.
The positions of emission line centers are determined by the transition energies. One of the
commonly used theoretical approaches is to solve the Schro¨dinger equation with a pseudo-potential [17,
18] for eigenenergies and the corresponding wave functions. Numerical solutions have been obtained
using the Debye potential [17, 18] or the cutoff potential [17, 19] as the pseudo-potential. From Fig. 1,
it is seen that the line center positions derived from the cutoff potentials are almost unchanged in
comparison to the pure Coulomb case. In contrast, the Debye potential predicts a strong modification
for the transition energy, in particular for relatively high densities (κe =
√
nee2/(ε0kBT) ≥ 0.02/a0).
However, this result is in strong contradiction to the experimental measurements, where the positions
of line centers are only slightly shifted [19]. In the Debye model, the shifts do not separately depend
on density and temperature but only on the screening parameter κe.
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Figure 1: Transition energy for the Lyman series ~ω = Enp − E1s and the threshold energy for
the bound-free transition ~ωth = V (∞) − E1s with respect to the inverse Debye length of electrons
κe. The solid lines represent the results of this work. The dashed lines and the dotted-dashed lines
describe the numerical results of the Schro¨dinger equation with a Debye potential [17, 18] and a cutoff
potential [17], respectively. The cross points are also calculated with Debye potential [18].
The optical spectra of the Balmer series calculated within RPA combined with a continuum
background due to Bremsstrahlung are displayed in Fig. 2. For the given plasma conditions (ne =
2.1 · 1017 cm−3, Te = 1.02 eV), the IPD value is about 0.138 eV, which means that the energy levels
appear only up to n = 9 and the Balmer limit is shifted from 364.6 nm to 380.8 nm. Another feature
of the predicted line shape (i.e. ITE) is the formation of quasi-continuum states, i.e. the band struc-
ture, starting from the energy level n = 6. Moreover, the transition peak from 9p → 2s is washed
out due to the broadening. In summary, to calculate the spectra in the whole wavelength range, the
first step is to determine the highest existing quantum state from the IPD theory. The second step
is to calculate the line shape up to the highest energy level predicted by the IPD theory. Actually,
the optical spectra of Balmer series under these conditions were experimentally measured by Goto
et al. [20], where the disappearance of the transition peaks is observed already starting from a lower
principal quantum number n = 6. The reason for this disagreement arises from the fact that the ionic
contribution to the broadening is excessively underestimated by RPA. Comparing the experimentally
measured line broadening of Hα line with the RPA result, it is shown that the RPA result is only 25%
of the experimental value.
The line merging due to the broadening does not have a simple relation to the shift of the contin-
uum edge. Generally, both effects have to be considered carefully and comprehensively for correctly
reproducing the experimental spectra. For weakly coupled and non-degenerate plasmas, the line merg-
ing occurs at lower principal quantum numbers in comparison to the IPD effect as shown in Fig. 2 and
measured in laser produced plasmas [1, 21]. Recently, the optical spectra in highly charged aluminum
plasmas are observed, where the continuum lowering is so large that the lines disappear before they
are subject to broadening sufficient to merge them [1]. Therefore, it is of relevance to develop an
accurate spectral line theory using the systematic quantum statistical approach, since spectroscopic
methods are the most reliable tool to analyze density and temperature conditions.
4 Conclusions, further improvements
We have shown that both effects, IPD and ITE, have to be considered to explain the disappearance of
spectral lines. The synthetic spectra and the transition energies are systematically described using a
consistent quantum statistical approach within the simplest RPA. The Debye results for both IPD and
optical transitions are obtained. Of course, the Debye model is very simple and the ionic contributions
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Figure 2: Optical spectra of a plasma at the electron density ne = 2.1·1017 cm−3 and temperature Te =
1.02 eV calculated within RPA (15). Gaussian broadening with FWHM of 0.002 Ryd is considered
in the calculation. Both ITE and IPD are systematically calculated from the quantum statistical
approach. A continuum background [14] is considered.
are strongly underestimated. For the hydrogen plasmas, the ion contribution is more important. The
RPA is not satisfied and has to be improved. The underestimation might be rendered by using the
ionic structure factor to calculate the line broadening and shift like in the case for the IPD when going
beyond the RPA [6]. Additionally, the electron contribution can be improved by introducing the T
matrix describing strong collisions. Furthermore, photon re-absorption plays an important role for
the transport of radiation in a plasma, which has a strong influence on the transitions from the low
quantum numbers [14]. This has to be taken into account in calculating the line shapes. For higher
levels, the transition rates may be better described via semi-classical description, for example using
wave-packet states for the electrons [22].
In the context of new experimental facilities exploring warm dense matter [1, 2, 3, 21], strongly
coupled and nearly degenerate Coulomb systems can be produced. A detailed description of the
spectrum emitted from such systems in equilibrium and non-equilibrium conditions is still a challenging
problem. As shown in this work, the quantum statistical approach based on thermodynamic Green’s
function technique provides a possibility to understand the many-body systems under such extreme
conditions.
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